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Abstract
We consider the kinematical and dynamical evolution of Friedmann universes with a
mixture of non-interacting matter and a ghost-like field, in a scenario analogous to that ad-
vocated by the Quintom model. Assuming that the conventional matter dominates today,
we find that the ghost component can bring the future expansion and the past contraction of
the model to a finite halt. Moreover, at the moment the expansion or contraction stops, we
find that the tendency of the universe is to bounce back and re-collapse or re-expand. There-
fore, the presence of a (never dominant) ghost-field with negative density could, in principle,
drive the universe into an eternal cycle of finite expansion, collapse, and re-expansion. Our
study outlines the key features of such a scenario and provides a simple condition for it to
occur. We also investigate the linear stability of ghost-like Friedmann models. Employing
dynamical-system techniques, we identify two families of fixed points, with and without spa-
tial curvature respectively. The members of the first family correspond to coasting universes
and are stable in the Lyapunov sense. Those of the latter family are unstable repellers when
their matter satisfies the strong energy condition and Lyapunov stable in the opposite case.
1 Introduction
Ghost-like fields, namely matter with negative energy density have a fairly long (though discon-
tinuous) research history in cosmology, which can be traced back to the Steady State theory [1].
The idea resurfaced around the turn of the millennium [2, 3], with the advent of the acceler-
ating universe and the scenarios proposed to explain it (see [4] for an interesting discussion of
the subject). In addition to the dark-energy question, ghost-fields have also been employed to
address phenomenological issues such as inflation and the cyclic-universe models. In particu-
lar, ghosts appear inevitable in bouncing and cyclic cosmologies (e.g. see [31]-[8]), where it is
the negative energy contribution of the ghost that forces the Hubble parameter to zero. Theo-
retically, ghost-type matter can be realised in more than one ways and the typical example is
to introduce a scalar field with a Lagrangian that allows its (effective) energy density to turn
negative. (e.g. see [9]-[14] and references therein). Here, our aim is to study the kinematical
and dynamical phenomenology of Friedmann-Robertson-Walker (FRW) cosmologies containing
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a non-interacting mixture of ordinary and ghost-like matter. In this respect, our scenario is
similar to the more fimiliar“Quintom” model, which also allows for a conventional and a ghost
scalar field, with canonical and negative kinetic terms respectively (e.g. see [15]-[17]). Here,
however, the ghost component never dominates over its conventional counterpart and the total
energy density of the universe remains non-negative at all times. Moreover, the effective equa-
tion of state is not allowed to enter the “tachyon” or the “phantom” regime.1 These mark some
of the differences between our study and other analogous phenomenological treatments, such
as those of [10]-[14] for example. Proceeding as in [11, 13], we start from a Lagrangian which
guarantees negative kinetic energy for the associated scalar field. The latter has a stress-energy
tensor that corresponds to a perfect fluid and it is therefore compatible with the symmetries of
the FRW spacetimes. This, in turn, enables us to investigate the implications of a ghost field for
the kinematics and the dynamics of the standard cosmological model. We note that there has
been recent interest in cosmologies that undergo a change in the sign of their effective density at
late times due to a change of sign in the cosmological ’constant’ contribution. Detailed analyses
show that these models have favorable consequences for the Hubble-tension problem [24]-[27].
Given its negative contribution to the total energy density of the FRW universe, the effect
of the ghost component resembles that of a positive cosmological constant. More specifically,
adopting a flat Friedmann model and assuming that the ordinary matter dominates completely
at present, we show that the ghost fluid will bring the expansion to a halt within a finite time in
the future, or “remove” the singularity from the universe’s past (or perhaps even both). In so
doing, we also provide the condition leading to the former, or to the latter, of these scenarios.
Put another way, the presence of the ghost field guarantees that there is a static moment in the
future, or in the past, of the FRW host (or both). Interestingly, when the static moment occurs
in the future, the tendency of the universe is to re-collapse, whereas the past static moment
is followed by a bounce and re-expansion.2 Therefore, in principle at least, one could have a
simple “cyclic” cosmological model that expands, contracts and re-expands eternally, while it
periodically goes through phases of accelerated expansion as well (see § 3.2 and § 3.3). It also
important to note that all these epochs have finite duration (i.e. there are no past or future
singularities) and in none of them the ghost component needs to dominate over the ordinary
matter. In particular, the ghost-like field can be arbitrarily weak today.
We then turn our attention to the (dynamical) stability of FRW cosmologies with a mixture
of ordinary and ghost matter. Employing dynamical system techniques and demanding that
both of the aforementioned fields are present at all times, we distinguish between two families
of equilibrium states (fixed points). These are classified depending on whether the spatial cur-
vature of the host spacetime vanishes or not. We find that both sets of fixed points correspond
to non-static cosmologies, which are rather severely constrained and therefore offer limited phe-
1Ghosts have been reported to suffer from instabilities at the quantum level (unbounded vacuum decay –
e.g. see [18, 19]). The debate is still going on, however, with other studies claiming that such instabilities could
be alleviated in time-dependent cosmological backgrounds (e.g. see [20]-[22]). It might also turn out that we are
dealing with an effective theory [23]. As a result, studies of ghost, or Quintom-like, models are fairly popular
in the literature. Here, we will not enter the discussion of the aforementioned quantum-instability problem,
which may only be settled by a successful future modification of gravity. Instead, we will consider the classical
phenomenology of FRW-like cosmological models containing a sub-dominant ghost component.
2Certain aspects of the scenarios presented here have also been discussed in [10, 14], although there the adopted
scalar fields had different physical characteristics (see § 3.3 below).
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nomenology.3 Allowing for nonzero 3-curvature, in particular, leads to equilibrium states that
correspond to “coasting” Friedmann universes. These turn out to be linearly stable, though not
asymptotically but only in the Lyapunov sense. When the geometry of the spatial sections is
Euclidean, on the other hand, the associated 3×3 dynamical system accepts one zero eigenvalue
and the stability issue becomes less straightforward to deduce. In order to bypass the zero-
eigenvalue obstacle, we look for specific analytic solutions. The later show instability when the
ordinary and the ghost-like matter fields satisfy the strong energy condition and Lyapunov-type
stability in the opposite case.
2 Fluid description of ghost scalar fields
Scalar fields can be treated as effective fluids with an equation of state that depends on the bal-
ance between their kinetic and potential energies. Minimally coupled scalar fields, in particular,
are known to correspond to effective perfect fluids (e.g. see [28]).
2.1 ψ-field stress-energy tensor
Consider a general spacetime with arbitrary metric gab = gab(x
c), containing a minimally coupled
scalar field (ψ = ψ(xa)) with Lagrangian
Lψ =
√−g
[
1
2
∇aψ∇aψ + V (ψ)
]
, (1)
where V = V (ψ) is the potential of the ψ-field. The above Lagrangian corresponds to a stress-
energy tensor of the form (e.g. see [29])
T
(ψ)
ab = −∇aψ∇bψ +
[
1
2
∇cψ∇cψ + V (ψ)
]
gab . (2)
Assuming that ∇aψ 6= 0, the familiar conservation law ∇bT (ψ)ab = 0 leads to the associated
Klein-Gordon equation, namely
∇a∇aψ − V ′(ψ) = 0 , (3)
with the prime denoting differentiation with respect to ψ. Note that when ∇aψ = 0, expres-
sion (2) reduces to T
(ψ)
ab = V (ψ)gab. This and the energy-momentum conservation imply that
∇aV (ψ) = 0, which ensures that ψ acts as an effective cosmological constant rather than a
dynamical scalar field.
2.2 ψ-field kinematics
Let us assign a 4-velocity vector to the ψ-field. In particular, demanding that ∇aψ∇aψ < 0
over an open spacetime region, the gradient ∇aψ defines the timelike 4-velocity field
ua = − 1
ψ˙
∇aψ , (4)
3The linear stability of static Friedmann universes with a mixture of ghost-like and ordinary matter has been
investigated in [13], using relativistic cosmological perturbation theory (see also § 4.3 here).
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where ψ˙ = ua∇aψ 6= 0 by construction (e.g. see [29]). In addition, ψ˙2 = −∇aψ∇aψ > 0 and
uau
a = −1 as required. The ua-field also defines the direction of time and introduces an 1+3
splitting of the spacetime into time and 3-space. The metric of the latter is given by the projector
hab = gab +
1
ψ˙2
∇aψ∇bψ , (5)
which satisfies the constraints hab = hba, habu
b = 0, ha
a = 3 and hach
c
b = hab. Moreover, the
projection tensor defines the covariant derivative operator (Da = ha
b∇b) in the 3-D hypersurface
orthogonal to the ua-field. It is then straightforward to show that Daψ = 0 [29].
The full kinematical description of the ψ-field follows by decomposing the gradient of the
associated 4-velocity vector as (e.g. see [29])
∇bua = 1
3
Θhab + σab + ωab −Aaub , (6)
where Θ = ∇aua = Daua is the expansion/contaction scalar, σab = D〈bua〉 is the shear tensor,
ωab = D[bua] is the vorticity tensor and Aa = u˙a is the 4-acceleration vector.
4 Thus, employing
definition (4), we find that in our case
Θ = − 1
ψ˙
(
ψ¨ + V ′
)
, σab =
1
3ψ˙
(
ψ¨ + V ′
)
−DaDbψ , ωab = 0 (7)
and
Aa = − 1
ψ˙
Daψ˙ , (8)
with DaDbψ = ha
chb
d∇c∇dψ by construction [29]. Consequently, the ψ-field is irrotational,
it has nonzero shear and it can generally expand or contract (when Θ ≷ 0 respectively). In
addition, following Eq. (8), ψ˙ acts as an effective 4-acceleration potential.
2.3 ψ-fields as ghost matter
Introducing the timelike ua-field also facilitates a fluid-description for the ψ-field. More specifi-
cally, on using definition (4), the energy-momentum tensor given in Eq. (2) assumes the perfect-
fluid form
T
(ψ)
ab = ρ
(ψ)uaub + p
(ψ)hab , (9)
where
ρ(ψ) = −1
2
ψ˙2 − V and p(ψ) = −1
2
ψ˙2 + V , (10)
represent the effective energy density and isotropic pressure of the ψ-field. Therefore, as long
as ψ˙2 + 2V > 0, the energy density is negative definite and we are dealing with a ghost-like
scalar field. When |V | ≪ ψ˙2, expressions (10) reduce to p(ψ) ≃ ρ(ψ) ≃ −ψ˙2/2 < 0, which
corresponds to “stiff” ghost matter (e.g. see [13]). Alternatively, that is for ψ˙2 ≪ |V |, we have
p(ψ) ≃ −ρ(ψ) ≃ V . Note that in both of the aforementioned special cases the associated matter
4Round brackets indicate symmetrisation, square ones antisymmetrisation and angled brackets denote the
symmetric traceless component of second rank tensors. For instance, D〈bua〉 = D(bua) − (D
cuc/3)hab.
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field behaves as a barotropic medium with p(ψ) ≃ p(ψ)(ρ(ψ)). In general, however, we have
p(ψ) = ρ(ψ) + 2V = −ρ(ψ) − ψ˙2 and the effective equation of state of the matter field described
by (10) is determined by the w(ψ)-parameter
w(ψ) =
p(ψ)
ρ(ψ)
=
ψ˙2 − 2V
ψ˙2 + 2V
, (11)
so that −1 < w(ψ) < 1. Given that ψ˙2 > 0 and assuming ghost-like matter (with ψ˙2 + 2V > 0
at all times – see Eq. (10a) above), the lower bound on w(ψ) holds always. The upper bound,
on the other hand, applies as long as V > 0. In the opposite case, namely when V < 0 (with
ψ˙2+2V > 0 always), we may have w(ψ) > 1. Such models (with an effective sound speed grater
than that of light) have been explored in the past, particularly in the context of the so-called
“cyclic universes” (e.g. see [30]-[32]). On the other hand, our earlier assumption of a ghost-like
fluid, excludes the possibility of “phantom matter” with w < −1.
Finally, it is worth mentioning that, once the timelike 4-velocity field (4) has been introduced,
we have ∇aψ = −ψ˙ua (recall that Daψ = 0). Then, the Klein-Gordon equation (see expression
(3) earlier) recasts into
ψ¨ +Θψ˙ + V ′ = 0 . (12)
Note that this relation also provides the conservation law of the ghost energy density. Indeed,
on using (10), the above form of the Klein-Gordon equation becomes
ρ˙(ψ) = −Θ(ρ(ψ) + p(ψ)) , (13)
which is the continuity equation of the ghost matter.
3 Friedmann universes with ghost and regular matter
The perfect fluid description of the ghost-like scalar field makes it compatible with the high
symmetry of the FRW spacetimes. In what follows we will examine the implications of such a
ghost-matter component for the evolution of typical Friedmann universes.
3.1 Equations and key features
Consider an FRW cosmology, without a cosmological constant, containing regular matter and
a non-interacting ghost component. The evolution of the aforementioned model is governed by
the system
H2 =
1
3
κρ+
1
3
κρ(ψ) − K
a2
, (14)
H˙ = −H2 − 1
6
κρ(1 + 3w) − 1
6
κρ(ψ)(1 + 3w(ψ)) , (15)
ρ˙ = −3H(1 +w)ρ (16)
and
ρ˙(ψ) = −3H(1 +w(ψ))ρ(ψ) . (17)
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These are respectively the Friedmann, the Raychaudhuri and the continuity equations of the
two matter fields. Also, H = a˙/a is the Hubble parameter, with a = a(t) representing the
cosmological scale factor, ρ = ρ(t) is the energy density of the conventional matter, p = p(t) is
its isotropic pressure and w = p/ρ is the associated barotropic index. Finally, K = 0,±1 is the
3-curvature index, with K = 0 corresponding to a flat FRW cosmology and K = ±1 indicating
a closed/open universe respectively.
The contribution of the matter fields to the total energy density of the system is measured
by the associated density parameters, which in our case are Ωρ = κρ/3H
2 > 0 for the con-
ventional matter and Ωψ = κρ
(ψ)/3H2 < 0 for the ghost component. Similarly, the parameter
ΩK = −K/a2H2 measures the (effective) curvature input to the energy density of the model.
Employing the above, the Friedmann equation reads
1 = Ωρ +Ωψ +ΩK . (18)
Given that Ωψ < 0 and ΩK = −K/a2H2, the above implies that the ghost component could
play (to some extent at least) the role of positive spatial curvature. Also, recalling that q =
−a¨a/a˙2 = −[1 + (H˙/H2)] defines the deceleration parameter of the universe, we may rewrite
Raychaudhuri’s formula as
q =
1
2
[
Ωρ +Ωψ + 3(wΩρ + w
(ψ)Ωψ)
]
. (19)
The latter implies that even a subdominant ghost component (i.e. one with |Ωψ| < Ωρ) could
in principle play the role of dark energy and lead to accelerated expansion. For example, when
the conventional matter is in the form of pressureless dust (i.e. for w = 0), the deceleration
parameter will take negative values if −Ωρ < Ωψ < −Ωρ/(3 + w(ψ)).
3.2 Critical moments with K = 0 and H → 0
As we mentioned above, the fact that ρ(ψ) < 0 implies that the ghost matter can play the role
of positive spatial curvature. With this in mind, let us consider a flat FRW universe with a
mixture of conventional and ghost-like matter. Then, given that H2 ≥ 0 always, the Friedmann
equation (see expression (14)) demands that ρ ≥ ρ(ψ) at all times. If the conventional matter
component dominates throughout the lifetime of the universe, namely when ρ > ρ(ψ) always, the
expansion proceeds unimpeded. It is conceivable, however, that |ρ(ψ)| → ρ, in which case H → 0
(see Eq. (14) earlier) and the expansion/contraction of the model comes to a halt. Whether such
a critical moment actually occurs and when, is determined by the evolution rates of the two
matter fields. Following (16) and (17), these evolve according to
ρ = ρ0
(
a
a0
)−3(1+w)
and ρ(ψ) = ρ
(ψ)
0
(
a
a0
)−3(1+w(ψ))
, (20)
with ρ0 > 0 and ρ
(ψ)
0 < 0. Note that the zero suffix generally indicates any given time during
the evolution of the universe. Here, however, we will assume that the zero suffix corresponds to
the present time. Going back to Eq. (14), we realise that the two matter fields will cancel each
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other’s contribution out (namely ρ→ −ρ(ψ)) when a→ a∗, with
a∗ = a0
(
|ρ(ψ)|
ρ
)1/3(w(ψ)−w)
0
= a0
( |Ωψ|
Ωρ
)1/3(w(ψ)−w)
0
, (21)
where w(ψ) 6= w.5 At this critical moment, the Hubble parameter tends to zero (i.e. H → 0)
and the expansion/contraction comes to a halt. Assuming that |ρ(ψ)|/ρ = |Ωψ|/Ωρ < 1 today,
the time that this happens depends on the barotropic indices of the two matter fields. More
specifically, when w(ψ)−w > 0 the aforementioned critical moment occurs in the past (i.e. a∗ <
a0), while in the opposite case it happens in the future (i.e. a∗ > a0). In the former scenario,
our FRW model begins from a static configuration of finite “radius”. Alternatively, that is in
the latter scenario, the universe cannot grow beyond a certain “size”.6
One can calculate the temperature of the universe at the moment its expansion/contraction
stops. Indeed, recalling that T ∝ 1/a, expression (21) becomes
T∗ = T0
(
ρ
|ρ(ψ)|
)1/3(w(ψ)−w)
0
= T0
(
Ωρ
|Ωψ|
)1/3(w(ψ)−w)
0
. (23)
Assuming that H → 0 in the past, namely that T∗ > T0, and given that T∗ cannot be lower
that the temperature at nucleosynthesis (i.e. setting T∗ > TBBN ), we can use the above to put
an upper bound on the energy density of any ghost component today.
3.3 Bouncing at the critical moments
At the critical moment, as the Hubble parameter approaches zero and the expansion/contraction
comes to a halt, the subsequent evolution of the associated cosmological model depends on the
time-derivative of the Hubble parameter. For example, when the latter also tends to zero (i.e. if
H˙ → H˙∗ = 0), the universe will remain static then after. Alternatively, there is the possibility
of a bounce. The answer should come from the Raychaudhuri equation (see expression (15)),
which at the critical moment, namely as ρ(ψ) → −ρ and H → 0, reduces to
H˙ → H˙∗ = −1
2
κρ(w − w(ψ)) , (24)
5The special case with w(ψ) = w is trivial phenomenologically, because then the ghost and the conventional
matter fields either cancel each other’s contribution to the Friedmann equation at all times, or they never do so.
6A similar behaviour occurs in FRW cosmologies with positive spatial curvature and a vanishing ghost com-
ponent (i.e. when K = +1, ρ(ψ) = 0 and ρ 6= 0). Indeed, assuming that |ΩK | ≪ Ωρ today, the static moment of
such a universe lies in our future if w > −1/3 and in our past when w < −1/3. More specifically, the radius of
the static configuration (as H → 0 and a→ a∗) is given by
a∗ = a0
(
|ΩK |
Ωρ
)1/[2−3(1+w)]
0
, (22)
with the zero suffix corresponding to the present. Then, when w > −1/3, we have 2− 3(1 +w) < 0 and a∗ ≫ a0
(i.e. future static). Alternatively, for w < −1/3, we find that a∗ ≪ a0 (i.e. past static). Recall that ρ ∝ a
−3(1+w)
irrespective of the model’s geometry, while the 3-curvature contribution to the Friedmann equation drops as a−2
always (see relations (14) and (20a) earlier). The close analogy in the evolution patterns of the two cosmological
models should not come as a surprise, given that (qualitatively speaking at least) the ghost field mimics the
contribution of positive spatial curvature to the Friedmann equation (see expressions (14) and (18) in § 3.2).
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with ρ > 0 and w(ψ) 6= w. When w(ψ) > w, in which case the static moment occurs in the
past (see § 3.2 previously), the above ensures that H˙∗ > 0.7 This in turn ensures that our
model will not reach a singularity, but instead it will bounce and start to re-expand. In the
opposite case, that is when w(ψ) < w, Eq. (24) guarantees that H˙∗ < 0. In such a case, the
static moment (which now lies in the future) is followed by contraction. The latter scenario has
also been discussed in [10, 14], though in FRW models containing ghost-like scalar fields with a
phantom-like equation of state.
Overall, a spatially flat Fridmann universe containing a mixture of conventional matter and
a ghost component (with ρ(ψ) ≤ ρ at all times and ρ(ψ) ≪ ρ today) could have started expanding
from a non-singular initial state at some finite time in the past. Alternatively, a similar model
will expand for a finite period in the future before it comes to a halt and re-collapses. In either
case, the universe is currently dominated by conventional matter and the timing of the bounce
is determined by the relative evolution of the aforementioned two matter fields. Put another
way, the presence of an arbitrarily weak ghost-like field today, can lead an FRW universe to an
eternal cycle of (finite) expansion, collapse and re-expansion. Moreover, as pointed out above,
the ghost component does not need to dominate over its conventional counterpart. Assuming
that the barotropic index of the ordinary matter evolves between wi initially and wf at the
moment of re-collapse, the aforementioned scenario will work as long as wi < w
(ψ) < wf .
3.4 Critical moments with K 6= 0 and H → 0
The effects of the spatial curvature are introduced via the Friedmann equation (see (14) in § 3.1)
and their impact depends on the type of the model’s geometry. In particular, when K = +1
the positive curvature of the 3-space acts in tune with the ghost component. In the opposite
case, curvature and matter work together. We therefore expect the overall effect of the ψ-field
to depend on its evolution relative to that of the ordinary matter and of the 3-curvature as well.
Qualitatively speaking, the evolution of an FRW universe with non-Euclidean 3-geometry
and a mixture of conventional and ghost-like matter is monitored by the system of (14)-(17).
More specifically, employing the continuity equations of the two matter fields, one obtains (20a)
and (20b). Substituting the latter into expression (14) leads to
H2 =
1
3
κρ0
(a0
a
)3(1+w)
+
1
3
κρ
(ψ)
0
(a0
a
)3(1+w(ψ))
− K
a20
(a0
a
)2
, (25)
where K = ±1 and the zero suffix indicates (in our case) the present time. Let us now consider
a model with spherical spatial geometry and allow for matter that satisfies the strong energy
condition, namely set K = +1 and w > −1/3 always. Given that the curvature term in Eq. (25)
drops like a−2 always, the expansion will come to a halt because of the 3-curvature effects (just
like in standard Friedmann cosmologies with K = +1), provided that w(ψ) > −1/3. Indeed, the
latter condition ensures that the ψ-field will never dictate the future kinematics, assuming that
it is subdominant today (i.e. that |Ωψ| ≪ |ΩK | ≪ Ωρ at present). When w(ψ) < −1/3 < w,
on the other hand, the ghost component decays slower that the curvature effects. In such a
case, the evolution of the universe may reach a future static moment due to the ghost field
7Recall that, when ρ(ψ) < ρ today, the static moment is in the past if w(ψ) > w and in the future for w(ψ) < w.
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rather than the curvature, depending on the relative values of |Ωψ|, |ΩK | and Ωρ at present.
Positive curvature triggers a static moment in the past evolution of a ghost-free FRW cosmology,
provided its matter violates the strong energy condition (i.e. when w < −1/3 – see footnote 4
here). Adding a ψ-field with w(ψ) < −1/3 will not change the above scenario. Allowing for
w(ψ) > −1/3 > w, on the other hand, could make the ghost component the reason for avoiding
the initial singularity.
More dramatic are the kinematic effects of the ghost component in models with hyperbolic
spatial geometry, the conventional counterparts of which are known to expand for ever. Intro-
ducing a ghost component to these models can avoid their past signularity and also bring their
future expansion to a halt. The conditions for these to happen are those given in § 3.2 earlier,
plus two additional constraints due to the model’s negative curvature. More specifically, when
w(ψ) > w and w(ψ) > −1/3 hold simultaneously, H → 0 at a finite time in the past. Also, the
universe will not expand forever when w(ψ) < w and w(ψ) < −1/3. Indeed, in the former case,
the (negative) energy-density contribution of the ghost matter increases faster, than those of
the conventional matter and the 3-curvature, as the universe collapses. In the latter case, on
the other hand, the ghost density increases faster than the others as the universe expands. In
both cases, the ghost field is assumed to be entirely subdominant at present.
Before closing this section, let us turn our attention to the Raychaudhuri equation. Evaluated
at the static moment, namely as H → 0 and a→ a∗, the latter acquires an additional curvature-
related term. More specifically, putting (14) and (15) together, we find that
H˙ → H˙∗ = −1
2
κρ(w −w(ψ))− K
2a2∗
(1 + 3w(ψ)) . (26)
Consequently, for K = +1 and w > w(ψ) > −1/3, there is a static moment in the future, which
is followed by contraction. When w < w(ψ) < −1/3, on the other hand, there is a bounce at a
finite time in the past. When dealing with negative 3-curvature, the universe stops expanding
and starts to recollapse when w(ψ) < w and w(ψ) < −1/3, while there is a bounce in the finite
past for w(ψ) > w and w(ψ) > −1/3.
4 Equilibrium and dynamical stability
Puting the formulae provided in § 3.1 together with the three Ω-parameters defined there, we can
obtain an autonomous dynamical system that describes the phase-space evolution of Friedmann
universes containing a non-interacting mixture of ordinary and ghost-like matter.
4.1 The autonomous system
Proceeding along the lines of [33, 34], we combine the Friedmann equations with the conservation
laws of the matter fields (see Eqs. (15)-(17) in § 3.1). This transforms the aforementioned set
of differential formulae into the propagation equations of the three density parameters, namely
Ω˙ρ = − [3(1 + w)− 2(1 + q)] HΩρ , Ω˙ψ = −
[
3(1 + w(ψ))− 2(1 + q)
]
HΩψ (27)
and
Ω˙K = 2qHΩK , (28)
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with q given by (19). Replacing time with the dimensionless variable η, defined so that dη/dt =
H [33], the above system acquires the autonomous form
Ω′ρ = − [3(1 + w)− 2(1 + q)] Ωρ , Ω′ψ = −
[
3(1 + w(ψ))− 2(1 + q)
]
Ωψ (29)
and
Ω′K = 2qΩK , (30)
respectively. Also note that primes indicate differentiation with respect to η. Next, we will
identify the equilibrium (fixed) points of the above system by setting Ω′ρ = 0 = Ω
′
ψ = Ω
′
K , in
which case Eqs. (29) and (30) reduce to the constraints
[3(1 + w)− 2(1 + q)] Ωρ = 0 ,
[
3(1 + w(ψ))− 2(1 + q)
]
Ωψ = 0 (31)
and
qΩK = 0 . (32)
4.2 The fixed points
Demanding that Ωρ, Ωψ 6= 0 always, we may distinguish between two alternative families of
fixed points, namely those with ΩK = 0 and those with ΩK 6= 0. In the former case, Eqs. (31)
and (32) accepts equilibrium points of the form (Ωρ, Ωψ, 0) with
Ωρ +Ωψ = 1 and w = w
(ψ) =
1
3
(2q − 1) . (33)
When ΩK 6= 0, on the other hand, the fixed points have Ωρ + Ωψ + ΩK = 1 and q = 0. The
latter, together with constraints (31), ensures that
(1 + 3w)Ωρ = 0 and (1 + 3w
(ψ))Ωψ = 0 . (34)
which mean that w = w(ψ) = −1/3 (given that Ωρ, Ωψ 6= 0 always in our case).
It follows that the first family of equilibrium points corresponds to spatially flat FRW cos-
mologies, which decelerate when w = w(ψ) > −1/3 and accelerate in the opposite case. The
second group of fixed points, on the other hand, contains “coasting” universes (with q = 0 and
a ∝ t) and nonzero spatial curvature. Note that the fact that w = w(ψ) in both equilibrium fami-
lies means that, if one of the two matter components dominates over the other at a given instant,
it will do so at all times. In the special case with w = w(ψ) = −1/3, both matter fields have
zero contribution to the effective gravitational mass of the system, which explains the “coasting”
nature of the universal expansion. Finally, we should point out that the two aforementioned
equilibrium states do not distinguish which matter field dominates over the other.
4.3 Stability of the equilibrium states
Before proceeding to test the linear stability of the equilibrium points, we will first employ
expression (19) to eliminate the deceleration parameter from the right-hand sides of Eqs. (29a),
(29b) and (30). In so doing, the aforementioned formulae recast as
Ω′ρ = −(1 + 3w)Ωρ + (1 + 3w)Ω2ρ + (1 + 3w(ψ))ΩψΩρ , (35)
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Ω′ψ = −(1 + 3w(ψ))Ωψ + (1 + 3w(ψ))Ω2ψ + (1 + 3w(ψ))ΩρΩψ (36)
and
Ω′K = (1 + 3w)ΩρΩK + (1 + 3w
(ψ))ΩψΩK , (37)
respectively. Let us now consider small homogeneous perturbations, around the fixed points
(denoted by (Ω¯ρ, Ω¯ψ, Ω¯K) from now on), of the form
Ωρ = Ω¯ρ + ωρ , Ωψ = Ω¯ψ + ωψ and ΩK = Ω¯K + ωK , (38)
where |ω| ≪ |Ω¯| by default. Substituting the above into (35)-(37) the latter transform into the
(nonlinear) propagation equations of the ω-perturbations. When linearised, these read
ω′ρ = −
[
(1 + 3w)(1 − 2Ω¯ρ)− (1 + 3w(ψ))Ω¯ψ
]
ωρ + (1 + 3w)Ω¯ρωψ , (39)
ω′ψ = (1 + 3w)Ω¯ψωρ −
[
(1 + 3w(ψ)(1− 2Ω¯ψ)− (1 + 3w)Ω¯ρ
]
ωψ (40)
and
ω′K = (1 + 3w)Ω¯Kωρ + (1 + 3w
(ψ))Ω¯Kωψ +
[
(1 + 3w)Ω¯ρ + (1 + 3w
(ψ))Ω¯ψ
]
ωK . (41)
The above set of differential equations monitors the linear evolution of the perturbations and
therefore the linear stability of the equilibrium states.
Let us now return to the first family of fixed points, which are characterised by the constraints
Ω¯K = 0, Ω¯ρ + Ω¯ψ = 1 and w = w
(ψ) = (2q − 1)/3. Then, written in matrix form, the system
(39)-(41) reads 
ω′ρω′ψ
ω′K

 =

2qΩ¯ρ 2qΩ¯ρ 02qΩ¯ψ 2qΩ¯ψ 0
0 0 2q



ωρωψ
ωK

 , (42)
keeping in mind that 2q = 1+3w = 1+3w(ψ). The characteristic polynomial of the 3×3 matrix
seen above is λ(λ−2q)2 = 0, with eigenvalues λ1 = 0 and λ2 = λ3 = 2q. Given that the presence
of a zero eigenvalue complicates the standard stability analysis considerably (e.g. see [35, 36]
for an extensive discussion of the issue), we will seek analytic solutions. These can be obtained
by assuming, for example, that the coefficients Ω¯ρ, Ω¯ψ and q are all constant. In practice, this
means considering a period in the model’s evolution, during which its deceleration/accleration
rate is constant and the energy-density contributions of both matter fields remain unchanged.
In such a case, the system (42) solves to give
ωρ = C1
(
Ω¯ψ + Ω¯ρe
2qt
)
+ C2Ω¯ρ
(
1− e2qt) , (43)
ωψ = C3Ω¯ψ
(
1− e2qt)+ C4 (Ω¯ρ + Ω¯ψe2qt) (44)
and
ωK = C5 e2qt , (45)
with C1, . . . , C5 being the integration constants. Clearly, the late-time behaviour of the above
solution depends on the sigh of the deceleration parameter. More specifically, when q is positive,
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all three perturbations diverge. In the opposite case, on the other hand, ωK → 0, while the
other two tend to constant values (with ωρ → C1Ω¯ψ + C2Ω¯ρ and ωψ → C3Ω¯ψ + C4Ω¯ρ). Given
that 2q = 1 + 3w = 1 + 3w(ψ), the stability of the fixed points is determined by the equation
of state of the matter fields involved. When the latter satisfies the strong energy condition we
have unstable repellers. In the opposite case the associated equilibrium states may be seen as
stable attractors, though generally only in the Lyapunov sense.8
The second family of equilibrium states has Ω¯K 6= 0, q = 0 and w = w(ψ) = −1/3. These
severely constrain the linear evolution of the ω-perturbations (see Eqs. (39)-(41) above), the
propagation formulae of which reduce to
ω′ρ = 0 , ω
′
ψ = 0 and ω
′
K = 0 , (46)
respectively. Consequently, at the linear level, all three perturbations remain constant, thus
making the associated family of fixed points stable a` la Lyapunov.
Before closing our discussion on the dynamical stability of the equilibrium states, we should
remind the reader that none of the fixed points identified in this section corresponds to the
critical static case presented in § 3 earlier. Both families of equilibrium states are non-static cos-
mologies, which undergo accelerated, decelerated, or coasting expansion. The stability of static
ghost-like FRW cosmologies, against general inhomogeneous perturbations, has been studied
in [13] by means of relativistic cosmological perturbation theory. There it was found that lin-
ear inhomogeneities in the density distribution of both matter fields remain constant in time,
which implies Lyapunov-type stability against this (scalar) type of distortions. Neutral stability,
namely oscillatory with constant amplitude, was also found in the case of linear (pure tensor)
gravitational-wave perturbations. That behaviour appears be in general agreement with the
stability results reported here.
5 Discussion
Cosmological scenarios that allow for ghost-like matter are becoming more frequent in the cos-
mological literature, though they are still far from mainstream. Ghost fields are attractive, since
they can offer phenomenological alternatives to questions as fundamental as inflation and the
nature of dark energy. Perhaps the most typical example is the fairly popular Quintom scenario,
which combines two scalar fields with canonical and negative kinetic terms respectively. On the
other hand, ghosts have been reported to suffer from quantum-level instabilities, which could
impose strict constraints on their presence. Nevertheless, the debate around the ghost/quintom
hypothesis is still going on and the issue may only be settled by a successful theory of quan-
tum gravity. Technically speaking, there are more than one ways of realising ghost matter.
In this study, we did so by assuming a specific Lagrangian with an energy-momentum tensor
that corresponds to a perfect fluid with negative (effective) energy density. The specifics of the
aforementioned ghost component are such that it never enters a tachyon-like, or a phantom-like,
regime. We then looked into the kinematical and dynamical phenomenology of FRW models
containing conventional matter and an always subdominant, non-interacting ghost component.
8It is conceivable that, by selecting “favourable” initial conditions, both ωρ and ωψ might tend to zero at late
tines. Nevertheless, even if it so happens, it would be the exception to the rule.
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Therefore, to some extent, our scenario resembles that of the aforementioned Quintom model.
When introduced into a Friedmann universe, this type of matter has been known to play a role
that phenomenologically resembles that of positive spatial curvature. In this work we have taken
another look at this resemblance and its potential implications.
After a brief discussion on the technicalities of ghost-like scalar fields and their fluid de-
scription, we considered an FRW model filled with a non-interacting mixture of ordinary and
ghost-like matter. The opposing contribution of the two aforementioned sources to the total en-
ergy density of the model, means that there can be a static moment during the model’s lifetime,
even in the absence of positive curvature. Whether such a critical stage occurs in the future or
in the past, depends on the evolution of the ghost component relative to the ordinary matter.
In either case the static moment is followed by a bounce. Put a another way, an expanding
universe cames to a halt and then starts to collapse, whereas a contracting model re-bounces
at a finite “radius” (before it reaches a singularity) and then begins to expand. What is most
intriguing, is that there is a relatively simple condition for this cyclic pattern of expansion,
collapse and re-expansion to repeat itself indefinitely. Moreover, at no time the ghost matter
needs to dominate over its conventional counterpart, which means that the energy density of the
total matter remains non-negative. In fact, the ghost component is assumed to be completely
subdominant at present.
The linear stability of analogous static ghost-cosmologies was investigated in [13] using rel-
ativistic cosmological perturbation theory. That study allowed for inhomogeneous scalar and
pure-tensor distortions, namely for density and gravitational-wave perturbations. The results
showed Lyapunov-like stability against both types of distortions, since the perturbations were
found to either remain constant in time, or oscillate with constant amplitude. Here, we em-
ployed dynamical-system techniques to test the stability of FRW comsologies with a mixture of
ordinary and ghost matter, against homogeneous perturbations. Our analysis led to two families
of (non-static) fixed points, distinguished by the absence or the presence of spatial curvature.
Unfortunately, both families were rather severely constrained and therefore fairly limited phe-
nomenologically. In the absence of curvature, we found that the linear stability of the family
members depended on the equation of state of the matter fields involved. When the latter satis-
fied the strong energy condition, the associated fixed points were unstable repellers, while in the
opposite case they were found to be stable in the Lyapunov sense. In the case of nonzero spatial
curvature, the stability question was more straightforward of answer, since all the related fixed
points were stable a` la Lyapunov coasting cosmologies.
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